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A NOTE ON NORM INEQUALITIES
FOR INTEGRAL OPERATORS ON CONES

KECHENG ZHOU

Abstract. Norm inequalities for the Riemann-Liouville operator Rrf{x) =

f(0,x) t*r~l(x-t)f<t)dt and Weyl operator Wrf(x) = f{xx) Ay-l(t-x)f(t)dt

on cones in Rd have been obtained in the case r > 1 [7]. In this note, these

inequalities are further extended to the case r < 1 . The question of whether the

Hardy operator Hf(x) = /,0 x, f(t)dt on cones is bounded from LP{Ay{x))

to Lq(£s?v{x))   (q<p) is also solved.

Let F be a homogeneous cone in Rd . V defines a partial ordering in Rd

in such a way that x <y y if and only if y - x £ V. The cone interval (a, b)

is thus given by (a, b) = {x £ V: a <y x <y b}.  For x £ V we define

Av(x) = I(o,x)dy-
Let G(V) denote the automorphism group of V, and let Z = {x £ V: \x\ =

I}, oq = Oq(V) = inf{a: J^Aa(t')dt' < 00} and o(V) = max(-l, o0). It is

known (see [4, 7]) that if a > a(V), then J{0 x, Ay(t)dt is finite for all x £ V

and homogeneous of order a + 1 so that

/      Aav(t)dt = cAv+x(x).
J{0,x)

The dual V of V is defined as V = {x £ Rd: x • y > 0, Vy £ V, y ^ 0} .
Clearly, V* is also a cone. It is known that V** = V.

The *-functionon V is the mapping x —> x* such that x* = -grad log (p(x),

where <p(x) = fv. ex'ydy is the characteristic function of V . It is known (see

[2, 6]) that the *-function is a one-to-one mapping from V onto V*. Let
G(V —> V*) be the group of linear transformations mapping V onto V*. A

homogeneous cone V is said to be a domain of positivity if there is an element

S £ G(V —> V*) so that 5 is symmetric and positive definite. It can be shown

(see [6, 7]) that for a domain of positivity V, x <y y if and only if y* <y x*.

In this note, we shall continue to consider the Riemann-Liouville operator

Rrf(x)= f      Arv~x(x-t)f(t)dt
J(0,x)

and Weyl operator

Wrf(x)=  f       Ary-x(t-x)f(t)dt
_ J{x,oo)
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on cones on Rd . It is worth noting that the Riemann-Liouville operators whose

kernels are complex power functions associated with the cone V were exten-

sively studied in [1], although they are different from the Riemann-Liouville

operator we shall study here.

Theorem 1. Let V be a domain of positivity in Rd. Ifl<p<q<oo,

r-l >o(V), and y < -o(V)(\ + jr) - o(V*) + a(± - r+ 1) - 3, then for any

f:V^R+,

(1)   ^Av-<(x)(Rrf(x))<dxy < c ^r(x)Apl)p+{7+1)p/9-\x)dxyP.

We show (1) in the case r > 1 (see [7]). Since -1 < a(V) < 0 for any cone

V, Theorem 1 extends the result to the case 0 < r < 1. It is also worth noting

that Ay(x) -+ 0 as x approaches the boundary of V. Hence, the kernel of

Rr approaches infinity as t approaches any pont on the boundary of x - V

in the case r - 1 > a(V). In the one dimensional case, where V = (0, oo),

o(V) = -1, r > 0, Theorem 1 gives the boundedness of the Riemann-Liouville

operator on the half line.

In the proof of Theorem 1 we shall deal with integrals on the cone of the
form

/ Ay(X - t)APy(t)dt
J{0,x)

and

/ Aay(t - X)APy(t)dt
J(x,oo)

where a, B < 0. The following two lemmas prove that, under certain condi-

tions on q and /?, the integrals are finite for each x £ V so that they can

be "integrated" out. When restricted to the one dimensional case, these two
lemmas give the best results.

Lemma 1. Let V be a homogeneous cone and let

g(x)=   [        AV(X - t)Ay(t)dt, X£V.
J(0,x)

If a > o(V) and /J > o(V), then g(x) is finite for each x £ V and is

homogeneous of order a + B + 1. Hence, there is a constant c for which

g(x) = cAv+^\x),        x£V.

Proof. Let y £ V. By Fubini's theorem, we have

/      g(x)dx=  j     Av(t)( f     Aav(x - t)dx) dt
J(0,y) J(0,y) \<l(t,y) j

=   f      Av(t)(l Ay(z)dz]dt

<   f      Ap(t)(f      Ay(z)dz)dt

=  ( f      Av(t)dt)-( [      Ay(z)dz).
\J(0,y) J      \J{0,y) J
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If a > a(V) and B > o(V), the two integrals above are finite, and so g(x) is
finite for almost every x £ V.

Let xo £ V be such that g(xo) is finite. Since V is homogeneous, for any

x £ V there exists A £ G(V) so that x = Axo ■ Then we have

g(x) = g(Axo) = [        Aay(Ax0 - t)A<y(t)dt
J(0,Ax0)

=   f       Ay(A(x0- z))Ay(Az)\A\dz
J(0,x0)

=  [       \A\aAy(x0 - z)\AfAi(z)\A\dz = \A\a^+xg(x0).
J(0,xo)

Hence, g(x) is finite for each x £ V and is homogeneous of order a + /? + 1.

Therefore, there is a constant c for which g(x) = cAy+fi+i(x), x £ V.

Lemma 2. Let V be a domain of positivity and let

h(x) = /       Av(t - x)Apv(t) dt,        x£V.
J(x,oo)

If a > o(V) and a + 0 < -3 - a(V*) - a(V), then h(x) is finite for each
x £ V and homogeneous of order a + ft + 1. hence, there is a constant c for
which

h(x) = cAay+p+l(x),       x£V.

Proof. The condition on a + 0 gives -a(V) > 3 + a(V*) + a + 0 . Let y £R

so that -o(V) > y > 3 + o(V) + a + /3 . We have, for y e V,

f       Avy(x)h(x)dx
7(v,oo)

= f       A~y(x) f       Ay(t-x)Ay(t)dtdx
J(y,oo) J(x,oo)

= [        If     Ay(t-x)Avy(x)dx)APy(t)dt
J{y,oo)  \J(y,t) J

<[        (f     Aay(t-x)Ayy(x)dx]Aey(t)dt.
J{y,oo)   \J(0,t) J

Since a > o(V) and -y > o(V), by Lemma 1, we have

/        ( /     Ay(t - x)Ay'(x)dx) Afiv(t)dt = c f       Aav+p-y+l (t)dt.
J(y,oo)  \J{0,t) J J(y,o°)

Since V is a domain of positivity, a change of variable t —> t* gives

/    Av+p-y+\t)dt= j    Avrp+y-\t)dt.
J{y, oo) J{0,y-)

Since -a - fi + y - 3 > a(V*), the last integral is finite. Hence, h(x) is

finite for almost every x £ V. Clearly, h(Ax) = \A\a+^+xh(x) for A £ G(V).

Hence, h(x) is finite for each x £ V and is homogeneous of order a + /J + 1.

Therefore, there is a constant c for which h(x) = cAy+^+l(x), x £ V .
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Proof of Theorem I. Noting the condition on y in the hypothesis, we can choose

b so that o(V) < b < (-3 - a(V) - o(V) - y + q(± - r+ 1))£ .

Using Holder's inequality, we have

f Ay~q(x)(Rrf(x))qdx
Jv

= f Ay-«(x)( f     A<y-i)/p(x-t)f(t)
JV \J(0,x)

■   AyblP' (t)A(y-X)IP' (X   ~   t)Ab/(t)dt J dX

< [ Ay-"(x) ( f      Arv-l(x - t)f(t)Avb(p-l)(t)dt\
JV \J{0,x) J

Af      Av-l(x-t)Ay(t)dt)      dx.
\J(0,x) J

Noting that r - 1 > a(V) and b > o(V), by Lemma 1, we have

f Ay-"(x)(Rrf(x))"dx
Jv

< c [ Av-q+{r+b)qlp\x) ( f      Aryx(x - t)f(t)Aybip-l\t) dt)     dx.
Jv \J(0,x) J

Since q/p > 1 , by the Minkowski integral inequality, we have

j Ay-"(x)(Rrf(x))"dx
Jv

•Ay^-^^U A{y-{)qlP(X-t)Ayy-q + {r + b)QlP'(x)dx\ dt\ .

Noting that (r - l)q/p > o(V) and (r - l)q/p + y - q + (r + b)q/p' =
rQ - Q/P + 7 ~ a + bq/P1 < -3 - o(V) - o(V), by Lemma 2, we have

j Ay-«(x)(Rrf(x))qdx
Jv

= C (I ^(0A-*(,,-1)(/)A«r-1)9//'+)'-?+(r+i)'?/;''+I);'/'?(?)^/)?

= c (J f"(t)A(;-{)p+(y+{)plq-\t)dt\q'P'.

Using Theorem 1 and the fact that Weyl's operator is the dual of Riemann-

Liouville's operator, we can prove the following norm inequality for Weyl's

operator on cones.
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Theorem 2. Let  V be a domain of positivity in Rn.   7/ 1 < p < a < oo,

r-l >o(V), and y > a(V)(\ + q/p') + o(V*)q/p' + q(l + 2/p'), then

(2) [jvAyv-q(x)(Wrf(x))qdx^lQ < c ^fp(x)A{;-l)p+{y+l)p/q-l(x)dXyP.

Now we consider the Hardy operator

Hf(x) = f      f(t)dt
J{0,x)

on cones in Rd . As a corollary of the main theorem in [7], we have shown that

if 1 <P < q < oo and y < -o(V)q/p' -o(V*) + q/p-2, then

(j Ay-q(x)(Hf(x))qdx)   " <c(j fp(x)A{y+x)plq-\x)dx\   " .

It is natural to inquire whether there exist appropriate numbers a and fi so

that

(3) ^J^(x)(Hf(x))qdx^j   q <c^fp(x)Aa(x)dx^   '

holds for all / > 0 when 1 < q < p < oo. In the one dimensional case, the

fact that (3) does not hold for any values of a and fi when 1 < q < p < oo is

simply a consequence of a theorem in [3] concerning the Hardy inequality with
general weights. This result can be generalized to cones in Rd .

Theorem 3. Let V be a domain of positivity in Rd. Ifl<q<p<oo, then

for any values a and /?, there is no constant c > 0 such that (3) holds for all

/>0.

Using the Hardy operator with weight, we see immediately that Theorem 3

is equivalent to the following theorem.

Theorem 4. Let

HJ(X)=     I f(t)Ay(t)dt,
J{0,x)

and let V be a domain of positivity in Rd. Ifl<q<p<oc, then for any

values of a and fi, there is no constant c > 0 such that

(4) (^JvAv(x)(Haf(x)Ydx^   " <c^f(x)Av(x)dx^   "

holds for all f>0.

Proof of Theorem 4. First we show that in order that a c > 0 exist for which

(4) holds for all / > 0, a and fi must satisfy (a + l)/p' + (fi + l)/q = 0 and
fi<-l.

Assume that (4) holds for some values of a and fi . Then (4) implies that

for all z £ V,

U  ^ Av(x) U  ^ f(t)Ay(t)dtj   dx)      < c (^ fp(x)Ay(x)dxSj ^ .
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Further, it implies

(5) (jQ z f(t)Aav(t)dtj ■ (y ^ Ay(x)dx)      < c ^fp(x)A'v(x)dx^   ".

Choose a sequence {Vn} of nested cone intervals so that Vn c (0, z) and

V„ / (0, z). Note that JKA^(t)dt < oo. Let fn(x) = Xv„(x) ■ Substituting

f„(x) in (5) we have

(6) ^ Av(t)dt}l,P ■ U  ^ A^v(x)dx\      < c.

It follows that fynAv(t)dt is bounded and so J(0   . A'v(x)dx is finite. It also

follows from (6) that /.     , a£(jc) dx is finite for each z. It is known [6] that

(7) Ay(x) < p\x\d   for some p > 0.

Therefore, in order that J,z    ,A^v(x)dx be finite for each z it is necessary

that fi <-l.
Let f(x) = X(o,z)(x)- Substituting f(x) in (5) we have

I       Ay(t)dt)        •     / A^y(x)dx)       <C, Z£V.
J(0,z) J \J(Z, OO) /

Integrating these integrals in (8) and taking the supremum over z £ V, we have

supA(;+1)/y(z)A(/+,)/?(z)<c.

Therefore, it is necessary that (a + l)/p' + (fi + l)/q = 0.

Next, we show that (4) cannot hold even if a and fi satisfy the aforemen-

tioned conditions. First assume that 1 < q. Let a = (q - l)/(p - q) and

b = q/(p - q). Note that a > 0, b > 0, and (a+l)(a+ l/p) + (fi + l)b = 0.
Take zo £ V with Ak(z0) = 1. Define

fn(x) = Ay{a+l)(x)min(n,Aby{fi+l)(x))X{o,nz0)(x),        x £ V, n = 1, 2, ... .

Clearly, for each n, f%(x) is integrable on V. We show that fvfrp(x)dx -> oo

as n —> oo.

Choose an so that

Abv^\anzo) = aib^ = n.

Then we have

[ f»(x)Ay(x)dx
Jv

> f Av(a+X)p(x) ■ Abv{P+l)p(x)Ay(x) dx
J(a„z0,nz0)

=      f AyX(X)dX.
J(a„z0,nz0)
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Since fi + 1 < 0, it follows that an -+ 0 and (a„z0, nz0) / V as n -* oo.

Noting that AyX(x) is not integrable on V, we have that

/ fp(x)Ay(x) dx -* oo   as « ^ oo.

Using Fubini's theorem and noting that f , A^-(y) dy is finite for every

x £ V, we have

[If      fn(z)Ay(z)dz)  Ay(y)dy
Jv \J(0,y) J

= [([      fn(x)Ay(x)(f      fn(z)Ay(z)dz)      o^A^ay
JV \J{0,y) \J(0,y) j J

(9) >/(/      fn(x)Ay(x)([      fn(z)Ay(z)dz)      dx)Av(y)dy
Jv \J(0,y) \J(0,x) j J

= f fn(x)Ay(x) ( [      fn(z)Ay(z)dz]       ( f       Ay(y)dy) dx
Jv \J(0,x) J \J(x,oo) )

= c f fn(x)Ay(x) I f      fn(z)Ay(z)dz)      Av+l(x)dx,
Jv \J(0,x) )

where c is a constant independent of f„ .

Since fi + 1 < 0, fn(x)Aya(a+x\x) is a decreasing function of x £ V in the

partial ordering defined by V. Further, we have that

/      /n(z)AaK(z)o*z
J(0,x)

(10) = f      fn(z)Ay(z)Aya{a+x)(z)Av(a+x)(z)dz
J{0,x)

>fn(x)Aya{a+x\x) f      A«a+x)+a(z)dz.

J(0,x)

By (7), in order that /{0 . A^(z) dz be finite, it is necessary that a > -1.

Thus, a(a + 1) > 0 and J(0 x) Av(a+x)+a(z) dz is finite. So the last integral in

(10) equals cA(°+1)(a+1)(;c) and

/      fn(z)Av(z)dz > cf„(x)Av+x(x),
7(o, x)

where c does not depend on /„ .
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Therefore, (9) becomes

f ( f      fn(z)Ay{z)dz]  Av(y)dy
Jv \J(0,y) J

>c f fn(x)Av(x) ( j      fn(z)Ay(z)dz)      Apv+X(x)dx
JV \J(0,x) J

>c f fn(x)Av(x)fq-x(x)A^+x){q-x\x)A^x(x)dx.
Jv

Noting that

A^+x){q-x)+{fi+x\x)>frq(x),

we finally have

[If     fn(z)Ay(z)dz]  Av(y)dy > c f f>(x)Av(x)dx.
Jv \J{0,y) j Jv

Therefore,

[Iy[Io   f"^Av^dz) Av(y)dy)    >c^fp(x)Av(x)dxSj Q,

where c is independent of fn(x). Since Jv fp(x)Ay(x)dx —> oo as n —» oo

and q < p, there is no constant c such that for all f„ ,

\Iv\Io     f"^Av^dz)   Av(y)dy)      <c(^fZ(x)Ay(x)dx}

So we proved Theorem 4 in the case 1 < q . If q = 1, we define

fn(x) = min(n,Aby{fi+x)(x))X(o,nzo)(x),        x£V, n=l,2,...,

and (9) becomes the following simple inequality:

/(/      f„(z)Av(z)dz ) Ay (y)dy
Jv \J(0,y) J

= [ f„(x)Av(x) I [       Ay(y)dy)dx
Jv \J{x,oo) J

= c f fn(x)Av+fi+x(x)dx > c f fp(x)Aav(x)dx.
Jv Jv

The theorem is proved.

Now we consider the Hardy operator of the form

Haf(X)=     f f(t)Ay(t)dt.
J(x,oo)

For 77Q we expect the following similar result:
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Theorem 5. Let V be a domain of positivity in Rd. If 1 < q < p < oo, then

for any values of a and fi, there is no constant c > 0 such that

(11) (J Afiv(x)(Haf(x))qdx)      < c (J fp(x)Aav(x)dx)

holds for all f>0.

Proof. Assume that for some a and fi there is a constant c > 0 such that

(11) holds for all / > 0. Let g > 0 be a function defined on V with
Sv gp{y)*y(y)dy = 1. Then, for / > 0,

/ ( /      f(x)Ay(x)dx]g(y)Ay(y)dy
Jv \J(0,y) J

= I f /       g(y)Aay(y)dy) f(x)Afiv(x) dx
Jv \J{x,oo) J

~ [i [Ix oo §{y)Aav{y) dyj A^(X) dx)    {I f9'WAv(y) dy) m

<c[jvgp(y)Ay(y)dy)  " (J /*'(y)Afiv(y) dy)

= c^fq'(y)Av(y)dy)   " .

Thus, for / > 0,

[jv*v(y) U      f(x)A<y(x)dx\    dy)       < c ̂ fq'(y)Ay(y)dy)i ' .

But this is impossible by Theorem 4. So there are no a and fi so that (11)
holds for all / > 0.
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